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TWO-DIMENSIONAL EINSTEIN NUMBERS AND
ASSOCIATIVITY
TOMA´Sˇ GREGOR1∗ AND JA´N HALUSˇKA2
Abstract. In this paper, we deal with generalizations of real Einstein num-
bers to various spaces and dimensions. We search operations and their proper-
ties in generalized settings. Especially, we are interested in the generalized op-
eration of hyperbolic addition to more-dimensional spaces, which is associative
and commutative. We extend the theory to some abstract spaces, especially
to Hilbert-like ones. Further, we bring two different two-dimensional general-
izations of Einstein numbers and study properties of new-defined operations –
mainly associativity, commutativity, and distributive laws.
1. Introduction
The attraction to the operation ⊕, the so called hyperbolic velocity addition,
was took by Einstein in his famous 1905 paper [4] about Special theory of rela-
tivity. Therefore it is also known as the Einstein operation.
The mathematical motivation to study of Einstein numbers can be explained
as follows. Let u, v ∈ R, be two individual velocities of two moving bodies along
a line in one direction and 0 ≤ u < c, 0 ≤ u < c, where c denotes the speed of
light, the maximal speed in vacuum. If the moving bodies are related, then the
”relativistic” addition u ⊕ v of velocities u and v, expressed with the Einstein
number, has to be less than c as well. The set of all Einstein numbers has to be
closed with respect the operation ⊕. Here are two expressions of this operation:
one in the absolute units [m/s],
u⊕ v = u+ v
1 + uv
c2
, 0 ≤ u, v, u⊕ v < c, (1.1)
or, relatively to the speed of light, normalized with c, no physical units, i.e.,
u⊕ v
c
=
u
c
+ v
c
1 + u
c
v
c
, 0 ≤ u
c
,
v
c
,
u⊕ v
c
< 1.
Although we are physically not able to produce or reach the speed of light c,
this speed physically really exists and, therefore, it is natural to include the speed
of light into the Einstein numbers theory as its own and proper element, c is an
Einstein number per definition. We have:
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Definition 1.1. (Definition of real Einstein numbers) Let c > 0. Let R∞ =
R∪{∞} be the projective real line with one additional compactification element,
denoted as ∞. Under the set of all real Einstein numbers we understand the
system E∞(−c,c] = ((−c, c] = ϕ(R∞),⊕), where ϕ : R∞ → (−c, c] is a bijective
function given as follows: ϕ(∞) = c and ϕ(v) = c tanh(v) for every v ∈ R.
Denote the restriction of E∞(−c,c] to (−c, c) by E(−c,c).
Remark 1.2. Davis in his 1940 book, cf. [2], and Baker in the 1954 paper, cf. [1],
coined the term Einstein numbers. Davis was interested in the properties of the
element c in E∞(−c,c], while Baker in the creating of the operation multiplication to
obtain a field (c does not belong to this field). Another theory directly bounded
with Einstein numbers is a theory of Ungar. This theory follows aims of hyper-
bolic geometry and physics. The generalization of Einstein operation in his work
is non-associative and non-commutative, cf. [9].
2. Monoid structures
Recall that a system E = (E,⊕) consisting of a set E and a binary operation
⊕ on E ×E, is called to be a monoid if
(i) u, v ∈ E =⇒ u⊕ v ∈ E;
(ii) the operation ⊕ : E × E → E is associative;
(iii) there exists e ∈ E (the identity element) such that e⊕ u = u⊕ e = u for
all u ∈ E.
Note that, in general, a monoid need not to be commutative.
The following lemma is an useful tool that makes possible to extend the given
binary operations and to prove its properties.
Lemma 2.1. Let A,B be sets and the binary operation ∗ on A be associative
(commutative, have identity element, etc.). If F : A→ B is a bijective function,
then the binary operation ⊛ on B defined by x⊛ y = F (F−1(x) ∗ F−1(y)), x, y ∈
B, is associative (commutative, have identity element, etc.)
Proof. Let ∗ be the associative binary operation on A. Then for x, y, z ∈ B
(x⊛ y)⊛ z = F (F−1(x) ∗ F−1(y))⊛ z
= F [F−1[F (F−1(x) ∗ F−1(y))] ∗ F−1(z)]
= F [(F−1(x) ∗ F−1(y)) ∗ F−1(z)]
= F [F−1(x) ∗ (F−1(y) ∗ F−1(z))]
= F [F−1(x) ∗ F−1[F (F−1(y) ∗ F−1(z))]]
= x⊛ F (F−1(y) ∗ F−1(z))
= x⊛ (y ⊛ z),
thus ⊛ is associative. Similarly it can be proved that if ∗ is commutative, so
⊛ is commutative too, if ∗ have identity element e, so ⊛ have identity element
F (e), and that many other properties are transferred from the operation ∗ to the
operation ⊛. 
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Lemma 2.2. Let c > 0. Let the operation ⊕ : [0, c]× [0, c] is described with the
formula (1.1). Then the system E[0,c] = ([0, c],⊕) is a monoid.
Proof. It is followed from the properties of the hyperbolic tangent function, that
if u, v ∈ [0, c], then
u⊕ v = u+ v
1 + uv
c2
= c tanh
(
atanh
u
c
+ atanh
v
c
)
The function ϕ : [0,∞]→ [0, c], ϕ(u) = c tanhu, u ∈ [0,∞), ϕ(∞) = c is bijective
and its inverse is ϕ−1 : [0, c] → [0,∞], ϕ−1(u) = atanhu
c
, u ∈ [0, c), ϕ−1(c) =
∞. Thus from the previous lemma the operation ⊕ is closed and associative
(additionally, is also commutative) on [0, c], since the operation of classical + is
associative (and commutative) on [0,∞], if we define x +∞ = ∞ + x = ∞ for
all x ∈ [0,∞].
Lemma 2.3. Let c > 0. The monoid E[0,c] can be extended to the system of real
Einstein numbers E∞(−c,c] via the formula (1.1).
Proof. A proof formally copies the previous one, we extend the isomorphism ϕ
on the set (−c, c]. 
We collect the distinguished elementary properties of Einstein numbers into
the following lemma.
Lemma 2.4. (a) The restricted Einstein numbers E(−c,c) are a group, but Einstein
numbers E∞(−c,c] are not.
(b) Einstein numbers E∞(−c,c] (and thus also E(−c,c)) are linearly ordered.
(c) Einstein numbers E∞(−c,c] are a compact space, but E(−c,c) are not (they are
only locally compact space).
Proof. (a) The set E(−c,c) is isomorphic to the real line under the isomorphism
ϕ(u) = c tanh u, thus they are an additive group. However, Einstein numbers
are not an additive group; the element c has no inverse, since u ⊕ c = c for all
u ∈ (−c, c].
(b) The linear ordering is a specific property of Einstein numbers, −c < u ≤ c,
u ∈ Ec. In general, a one-point compactification damages order structures.
(c) The basis of the standard topology which corresponds to one-point com-
pactification consists of the sets of the form (a, b) and (−c, a) ∪ (b, c], where
−c < a < b < c. 
Here is a review of monoid structures of Einstein numbers:
Lemma 2.5. Let c > 0. Einstein numbers ((−c, c],⊕) contains the following sub-
structures which have restricted domains but are closed with respect to (restricted)
operation ⊕:
(i) ({0, c},⊕) is the 0-1 addition table;
(ii) ([0, c],⊕) is a monoid;
(iii) ((−c, 0],⊕) is a monoid;
(iv) (−c, c) is isomorphic to R;
(v) Einstein numbers ((−c, c],⊕) is a glue (in the sense of operation ⊕) of two
monoids.
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Proof. (i)
⊕ 0 c
0 0 c
c c c
(ii) see Lemma 2.2;
(iii) analogously (ii);
(iv) cf. [1], the real field is isomorphic to field ((−c, c),⊕,⊙) under the trans-
formation c tanh(a), where
u⊕ v = c tanh
(
atanh
u
c
+ atanh
v
c
)
=
u+ v
1 + uv
c2
u⊙ v = c tanh
[(
atanh
u
c
)(
atanh
v
c
)]
.
(2.1)
(v) we have to prove that if u ∈ (−c, 0] and v ∈ [0, c], then u ⊕ v has a sense.
If v 6= c, then (iv). If v = c, then u⊕ v = u⊕ c = c. 
Remark 2.6. If c → ∞, then the c-ball expands to infinity and Einstein addi-
tion reduces to the ”normal” addition, i.e. Einstein addition is reduced to the
Newtonian addition.
3. A theory in the three dimensional Euclidean space
This section consists of some comments to generalizations of Einstein numbers
given in works of Ungar, cf. e.g. [9].
Ungar studied a generalized Einstein operation ⊕ in its three dimensional gen-
eralization defined on
R
3
c = {v ∈ R | ‖v‖ < c}
of the all relativistically admissible velocities. Although this operation is widely
accepted by physicists, from the mathematical viewpoint has no good algebraic
properties - it is non-associative, non-commutative the so called gyrogroup (noth-
ing saying about the operation of multiplication).
Recall briefly basics about this extension of hyperbolic velocity addition to the
three dimensional Euclidean space. The extended hyperbolic velocity addition to
the three dimensional Euclidean space,
⊕
: R3c × R3c → R3c , of velocities is given
by the equation
u
⊕
v =
1
1 + 〈u|v〉
c2
{
u+ v +
1
c2
γu
1 + γu
(u× (u× v))
}
(3.1)
for all u,v ∈ R3c , where 〈u | v〉 and u × v are the inner product and the vector
product that the ball R3c inherits from space R
3, and where γu is the gamma
factor
γu =
1√
1− ‖u‖2
c2
in the c-ball, ‖u‖2 = 〈u | u〉.
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The gamma factor is related to Einstein addition by the identity
γu⊕v = γuγv
(
1 +
〈u | v〉
c2
)
and provides the link between Einstein’s special theory of relativity and hyper-
bolic Lobachevsky geometry, cf. [9].
This way described generalization of Einstein numbers plays an important role
in the theory of Bergman space A2 (the space of all analytical functions on the
unit ball D), where it has a form
w
⊕
z =
1
1 + 〈w | z〉
{[
1 +
〈w | z〉
‖w‖2
(
1−
√
1− ‖w‖2
)]
w +
[√
1− ‖w‖2
]
z
}
.
(3.2)
For more details, cf. Rudin, [7], Sec. 2.29, and Zhu, [11], Eq. (1.2), where the
operation
⊕
is an involutive automorphism, the self map ϕw : D→ D and
ϕw(z)
= 1
1−〈w|z〉
{[
1− 〈w|z〉
‖w‖2
(
1−√1− ‖w‖2)] y − [√1− ‖w‖2] z}
= 1
1+〈w|(−z)〉
{[
1 + 〈w|(−z)〉
‖w‖2
(
1−√1− ‖w‖2)] y + [√1− ‖w‖2] (−z)}
= w
⊕
(−z),
for every w ∈ D; 〈· | ·〉 denotes the scalar product in C. This (two dimensional)
variant of the operation
⊕
can be generalized to Cn, were n is an arbitrary
natural number.
Expansion of the operation
⊕
to arbitrary inner vector spaces is done with the
following way. Owing to the well-known Lagrange vector identity, Davis–Snider,
[3],
A× (B×C) = B〈A | C〉 −C〈A | B〉, (3.3)
where A,B,C ∈ R3, Einstein addition (3.1) can also be rewritten as following,
cf. [5, 8],
u
⊕
v =
1
1 + 〈u|v〉
c2
[
u+
1
γu
v +
1
c2
γu
1 + γu
〈u | v〉u
]
. (3.4)
The crucial trick of the generalization of the hyperbolic velocity addition is
the representation (3.4) of the representation (3.1). Underline that the formula
(3.1) holds only in the three dimensional Euclidean space. But via the formula
(3.3) we may extend addition on every real inner product space V (of arbitrary
dimension), cf. [9], Definition 1 and 2. This means for finite dimensions 4,5, . . . ,
and also for spaces non equipped with the finite base. Rather the special case is
the dimension 2 (and 4, 8, 16, too) which case can be obtain via the way from
dimension 3 but also directly from the original definition of Einstein numbers.
4. Case of the ”deformed” linear normed spaces
Let us come back to the Section 2, where we expressed real Einstein numbers
as an isomorphic image of real numbers under the isomorphism ϕ(u) = c tanh u.
We can expand this idea to more general spaces. What about ”deformed” linear
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normed spaces without loss of associativity and commutativity? The first idea is
to extend the support of the isomorphism ϕ from the interval (−c, c) to the c-ball
in some linear normed space.
Let V be a vector space over the field of real numbers equipped with a norm
‖ · ‖ and an operation of addition +. Let us denote the c-ball in V
Vc = {v ∈ V | ‖v‖ < c}.
Let us define the function φ : V→ Vc as follows
φ(u) =


c tanh ‖u‖
‖u‖ u if u 6= 0,
0 if u = 0.
(4.1)
Lemma 4.1. The function φ defined above is a bijection between V and Vc and
its inverse is
φ−1(u) =

 atanh
(‖u‖
c
)
u
‖u‖ if u 6= 0,
0 if u = 0.
(4.2)
Proof. First we prove that φ is an injective function. Let u,v ∈ V. If φ(u) =
φ(v) = 0, then u = v = 0. Let now φ(u) = φ(v) 6= 0. Then
c tanh ‖u‖
‖u‖ u =
c tanh ‖v‖
‖v‖ v,
thus vectors u,v are collinear, i.e. u = ke,v = le for some scalars k, l 6= 0 and a
vector e ∈ V with ‖e‖ = 1. We get
k tanh |k|
|k| =
l tanh |l|
|l| .
There holds
x tanh |x|
|x| = tanh x
for all x ∈ R \ {0}. Function tanhx is injective, hence u = v. It implies that φ
is injective.
Now let v ∈ Vc. If v = 0, then φ(0) = v. So, let v 6= 0. If we choose
u =
atanh‖v‖
c
‖v‖ v,
then
φ(u) = v.
So, φ is a surjective function.
It can be also trivially proved that
φ
(
φ−1(u)
)
= u, φ−1(φ(v)) = v
for all u ∈ Vc and v ∈ V. 
Now we are ready to extend the operation of the hyperbolic tangent addition
from the real line to every linear normed vector space over real numbers. To do
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this we use the isomorphism φ and Lemma 2.1. Define the binary operation ⊕Vc
in the set Vc as follows
u⊕Vc v = c tanh(‖A(u,v)‖)
A(u,v)
‖A(u,v)‖ (4.3)
where
A(u,v) = atanh
(‖u‖
c
)
u
‖u‖ + atanh
(‖v‖
c
)
v
‖v‖ .
It is clear that (Vc,⊕Vc) is a commutative group.
Theorem 4.2. Let V = C be the complex plane equipped with a norm ‖z‖ =√
a2 + b2, where z = a + bi ∈ C, a ∈ R, b ∈ R. Let us denote the c-ball in C,
c > 0, as following
Cc = {z ∈ C | ‖z‖ < c}.
Then
u⊕Cc v = c tanh(‖A(u, v)‖)
A(u, v)
‖A(u, v)‖ (4.4)
where
A(u, v) = atanh
(‖u‖
c
)
u
‖u‖ + atanh
(‖v‖
c
)
v
‖v‖
and
u⊙Cc v = c tanh(‖M(u, v)‖)
M(u, v)
‖M(u, v)‖ (4.5)
where
M(u, v) = atanh
(‖u‖
c
)
u
‖u‖ · atanh
(‖v‖
c
)
v
‖v‖ .
It can be easily checked through isomorphism φ that (Cc\{0},⊙Cc) is a commu-
tative group and also that there hold the distributive laws between the operations
of addition and multiplication. Thus (Cc,⊕Cc ,⊙Cc) is a field isomorphic to the
complex numbers C. If we express u, v ∈ Cc \ {0} in polar coordinates,
u = reiα, v = seiβ, 0 < r < c, 0 < s < c, α, β ∈ R,
then the operation ⊙C in the set Cc is given as follows
u⊙Cc v = reiα ⊙Cc seiβ = c tanh
[(
atanh
r
c
)(
atanh
s
c
)]
· ei(α+β).
5. Generalization to more dimensions
We study another possibilities of extension of isomorphism ϕ : R → R to
ϕn : D ⊂ Rn → Rn and define new operations by this isomorphism in this
section. To do this we claim the following lemma.
Theorem 5.1. Let D1, D2, . . . , Dn ⊂ R, H0, H1, . . . , Hn ⊂ R. The function
f0 : D1 → H0 and for all indexes i = 1, 2, . . . , n fi : Di → Hi are bijective
functions, where fi(x) 6= 0 for all x ∈ Di, i = 1, 2, . . . , n − 1. Define F : D =
D1 ×D2 × . . .×Dn → F (D) by
F (x1, x2, . . . , xn) =
(
f0(x1),
f2(x2)
f1(x1)
,
f3(x3)
f2(x2)
, . . . ,
fn(xn)
fn−1(xn−1)
)
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and put a = f1
(
f−10 (x1)
)
. If f1(ax2x3 · . . . · xi) ∈ Hi, i = 2, 3, . . . , n, then
F−1(x1, x2, . . . , xn) =
(
f−10 (x1), f
−1
2 (ax2), f
−1
3 (ax2x3), . . . , f
−1
n (ax2x3 . . . xn)
)
.
Proof. We have under the above assumptions
F (F−1(x1, x2, . . . , xn))
= F
(
f−10 (x1), f
−1
2 (ax2), . . . , f
−1
n (ax2x3 . . . xn)
)
=
(
f0(f
−1
0 (x1)),
f2(f
−1
2 (ax2))
f1(f
−1
0 (x1))
, . . . ,
fn(f
−1
n (ax2x3 . . . xn))
fn−1(f
−1
n−1(ax2x3 . . . xn−1))
)
=
(
x1,
ax2
a
, . . . ,
ax2x3 . . . xn−1xn
ax2x3 . . . xn−1
)
= (x1, x2, . . . , xn)
and
F−1(F (x1, x2, . . . , xn))
= F−1
(
f0(x1),
f2(x2)
f1(x1)
,
f3(x3)
f2(x2)
, . . . ,
fn(xn)
fn−1(xn−1)
)
=
[
f−10 (f0(x1)) , f
−1
2
(
f1
(
f−10 (f0(x1))
) f2(x2)
f1(x1)
)
, . . . ,
f−1n
(
f1
(
f−10 (f0(x1))
) f2(x2)
f1(x1)
f3(x3)
f2(x2)
. . .
fn(xn)
fn−1(xn−1)
)]
=
[
x1, f
−1
2
(
f1(x1)
f2(x2)
f1(x1)
)
, . . . , f−1n
(
f1(x1)
fn(xn)
f1(x1)
)]
=
(
x1, f
−1
2 (f2(x2)) , . . . , f
−1
n (fn(xn))
)
= (x1, x2, . . . , xn).

Example 5.2. Let us consider bijective function Fn : Dn → Hn given by
Fn(x) =


(
tanh(x1),
tanh(x2)
tanh(x1)
,
tanh(x3)
tanh(x2)
, . . . ,
tanh(xn)
tanh(xn−1)
)
if xn > 0,
(
tanh(x1), 0, . . . , 0
)
if xn = 0,
for x = (x1, x2, . . . , xn) ∈ Dn, where
Dn = {(x1, x2, . . . , xn) ∈ Rn | 0 < xn ≤ xn−1 ≤ . . . ≤ x1} ∪
(
[0,∞)× {0}n−1)
and
Hn = (0, 1)× (0, 1]n−1 ∪
(
[0, 1)× {0}n−1) .
By Theorem 5.1,
F−1n (x) =


(
atanh(x1), atanh(x1x2), . . . , atanh(x1x2 . . . xn)
)
if xn > 0,
(
atanh(x1), 0, . . . , 0
)
if xn = 0,
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for x = (x1, x2, . . . , xn) ∈ Hn. Define the operation
⊕
on Hn by Lemma 2.1,
thus
x
⊕
y = F (F−1(x1, x2, . . . , xn) + F
−1(y1, y2, . . . , yn))
=
[
tanh(atanh(x1) + atanh(y1)),
tanh(atanh(x1x2) + atanh(y1y2))
tanh(atanh(x1) + atanh(y1))
,
tanh(atanh(x1x2x3) + atanh(y1y2y3))
tanh(atanh(x1x2) + atanh(y1y2))
, . . . ,
tanh(atanh(x1 . . . xn) + atanh(y1 . . . yn))
tanh(atanh(x1 . . . xn−1) + atanh(y1 . . . yn−1))
]
=
(
x1 ⊕ y1, x1x2 ⊕ y1y2
x1 ⊕ y1 ,
x1x2x3 ⊕ y1y2y3
x1x2 ⊕ y1y2 , . . . ,
x1x2 . . . xn ⊕ y1y2 . . . yn
x1x2 . . . xn−1 ⊕ y1y2 . . . yn−1
)
,
if xn > 0, yn > 0, otherwise
x
⊕
y = (x1 ⊕ y1, 0, . . . , 0) ,
where ⊕ is Einstein addition defined by (1.1) with c = 1. By Lemma 2.1, the
operation
⊕
is associative, commutative, with the identity element (0, 0, . . . , 0),
since the set Dn with usual coordinatewise addition has these properties. Thus
(Hn,
⊕
) is a commutative monoid.
Example 5.3. Let n = 2 in the previous example. Then we can define the addi-
tion in the greater set D02 = D2∪{(0, 0)}, where D2 = {(x1, x2) ∈ R2 | |x2| < x1}
is an open cone in the plane, by isomorphism F2 : D
0
2 → H02 = H2 ∪ {(0, 0)},
H2 = (0, 1)× [0, 1) given like above
F2(x1, x2) =


(
tanh(x1),
tanh(x2)
tanh(x1)
)
if x1 > 0,
(0, 0) if x1 = 0.
Then we obtain the following operation of addition for x = (x1, x2),y =
(y1, y2) ∈ H02
x
⊕
y =


(0, 0) if x = y = 0,(
x1 ⊕ y1, x1x2 ⊕ y1y2
x1 ⊕ y1
)
otherwise.
Let us notice that the set D02 is closed under the multiplication of the so-called
hyperbolic complex numbers given as follows (a, b) · (c, d) = (ac+ bd, ad+ bc). We
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define the next operation by this multiplication and isomorphism F2, namely
x
⊙
y =
(
tanh[atanh(x1)atanh(y1) + atanh(x1x2)atanh(y1y2)] ,
tanh[atanh(y1)atanh(x1x2) + atanh(x1)atanh(y1y2)]
tanh[atanh(x1)atanh(y1) + atanh(x1x2)atanh(y1y2)]
)
,
if x,y ∈ H2, and otherwise x
⊙
y = (0, 0), where x = (x1, x2),y = (y1, y2). This
operation distributes over the operation
⊕
, (H02 ,
⊕
) is commutative monoid and
(H2,
⊙
) is a commutative group. Thus the triple (H02 ,
⊕
,
⊙
) forms a semi-field
with zero, [10].
6. Mean-like Einstein numbers
In this section, we find another and different generalizations of Einstein num-
bers. This generalization is based on the following assertion, for more details cf.
[6].
Lemma 6.1. Let ζ : B → B be a bijective function, (A,⊕,⊙) be a field, and
⊞ : B×B → B, ⊡ : A×B → B be such operations that there holds p⊡ (x⊞ y) =
(p⊡ x) ⊞ (p⊡ y) for all p ∈ A, x, y ∈ B and p ⊡ (q ⊡ x) = (p⊙ q) ⊡ x for all
p, q ∈ A, x ∈ B. Define an operation ⊕ : (A×B)× (A×B)→ A×B as follows
(a1, b1)
⊕
(a2, b2) =
(
a1 ⊕ a2,
ζ−1
[
a1 ⊙ {a1 ⊕ a2}−1A ⊡ ζ(b1)⊞ a2 ⊙ {a1 ⊕ a2}−1A ⊡ ζ(b2)
])
,
where c−1A means an inverse element to the element c in the set A with respect
to ⊙. We put (a1, b1)
⊕
(a2, b2) = (0, b) for some b ∈ B, if a1 ⊕ a2 = 0. If
a1 ⊕ a2 6= 0, a2 ⊕ a3 6= 0 and a1 ⊕ a2 ⊕ a3 6= 0, then[
(a1, b1)
⊕
(a2, b2)
]⊕
(a3, b3) = (a1, b1)
⊕[
(a2, b2)
⊕
(a3, b3)
]
.
If moreover ⊞ is a commutative operation, then (a1, b1), (a2, b2) commute with
respect to
⊕
.
Remark 6.2. This construction can be easily extended to arbitrary finite number
of coordinates.
Example 6.3. Now let us take operations ⊕,⊞, resp. ⊙,⊡ as Einstein one-
dimensional addition, resp. multiplication defined by hyperbolic tangent isomor-
phism (2.1), with A = [0, c), B = (−c, c). There are satisfied assumptions of
Lemma 6.1. If ζ : (−c, c)→ (−c, c) is a bijective function, then there exists only
function η : R→ R such that
ζ(x) = c tanh
[
η
(
atanh
x
c
)]
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for all x ∈ (−c, c). After some manipulations
(a1, b1)
⊕
(a2, b2) =
(
a1 + a2
1 + a1a2
c2
,
c tanh η−1
[
η
(
atanhb1
c
)
atanha1
c
+ η
(
atanh b2
c
)
atanha2
c
atanha1
c
+ atanha2
c
])
.
If a1 = a2 = 0 we put (a1, b1)
⊕
(a2, b2) = (0, 0).
(a) If η(x) = x for all x ∈ R we have
(a1, b1)
⊕
A
(a2, b2) =
(
a1 + a2
1 + a1a2
c2
,
c tanh
atanh b1
c
atanha1
c
+ atanh b2
c
atanha2
c
atanha1
c
+ atanha2
c
)
.
(b) If η(x) = 1/x for all x ∈ R \ {0}, η(0) = 0, then
(a1, b1)
⊕
H
(a2, b2) =

 a1 + a2
1 + a1a2
c2
, c tanh
atanha1
c
+ atanha2
c
atanh
a1
c
atanh
b1
c
+
atanh
a2
c
atanh
b2
c

 .
The second coordinate resembles the weighted arithmetic mean in the first case
and the weighted harmonic mean in the second case for b1, b2. Hence the name
”mean-like” Einstein numbers. Both operations form a commutative monoid on
the set [0, c)× (−c, c).
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